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A. General introduction

Logic is the science that studies correct reasoning.
It is a part of Philosophy.

Mathematical Logic is the study of correct reasoning using
mathematical tools (and the usage of Logic to give foundations
to Mathematics).
It is a part of Mathematics.
It includes:

@ Set theory

@ Model theory

@ Recursion theory or computability theory

@ Proof theory

@ Algebraic logic

@ Constructive mathematics
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A. General introduction

The are many kinds of correct reasoning, hence many logics:

@ Classical logic

© Non-classical logics:
Modal logics
Intuitionistic logic
Linear logics

Fuzzy logics
Relevance logics
Paraconsistent logics
Non-monotonic logics
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A. General introduction

@ Propositional logics
© Predicate logics

o First-order logics
e Higher-order logics
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A. General introduction

Fuzzy Logic (engineering, artificial intelligence, soft computing)

Mathematical Fuzzy Logic (mathematical logic)
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A. General introduction

Algebraic Logic is the subdiscipline of Mathematical Logic
which studies logical systems (classical and non-classical) by
using tools from Universal Algebra.

Logic Algebraic counterpart
Classical logic Boolean algebras
Modal logics Modal algebras
Intuitionistic logic Heyting algebras
Linear logics Commutative residuated lattices
Fuzzy logics Semilinear residuated lattices
Relevance logics | Commutative contractive residuated lattices

Universal Algebra is the field of Mathematics which studies
algebraic structures.
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B. Basic notions of Universal Algebra

@ algebraic language or similarity type: £ = (F, 7)
(operational symbols with arity)
@ countable set of variables: X
@ terms: Te,
@ IfxeX, thenxe Te,
Q@ lifcLnaryandt,... 1, € Tes, thenf(ty,... t,) € Teg
@ equations: Eq, = {r~s|t,s € Tec}
@ quasiequations: QEq, ={#1 =51 ©...0 tyxs, =t~ s |
Hyeooytny 8,81,y Sn,8 € Tep}
@ algebra: A= (A, (fA|f € L)), A# 0 (universe),
FA A" — A, f n-ary.
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B. Basic notions of Universal Algebra

evaluation: e : X — A
interpretation: +(e), € Te,
@ If x € X, then its interpretation is x*(e) = e(x)
Q lffcLnaryandr,...,t, € Te,, then the interpretation of
fti,... ) € Tepisf(ty,... 1) (e) =fA(t(e), ..., 2 (e)).
e:Tey - A
satisfaction:
@ A =1t~ s: for every evaluation e, t(e) = s (e).
Q AEH=s510...0 t,=s, =t~ s: for every evaluation e, if
ti(e) = sf(e), ..., tA(e) = 57 (e), then tA(e) = s*(e).
equational consequence: given a class of algebras in the
same language K and ITU {t ~ s} C Eq,, II |Fx t ~ s: for
every A € K and every evaluation e in A if pA(e) = g*(e)
for every p ~ g € TI, then 4 (e) = s"(e).
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B. Basic notions of Universal Algebra

L = {A,V} binary operations. A = (A4, AA, v4) is a lattice iff it
satisfies:

L1 xAy=yAx,xVy=yVx

L2 xA(yA2) = (xAY)Az,xV(yVz)= (xVy)Vz
L3 xAx~x,xVx~x

L4 x=xA@xVy),x=xV(xAYy)

They correspond to lattice-ordered sets (a < b iff a A b = a,

A = inf, V = sup).

A is complete iff every non-empty X C A has inf and sup.

A is distributive iff it further satisfies xV (yAz) =~ (x Vy) A (x Vz)
andx A (yVz)= (xAy)V (xAz).

A is bounded iff £ has two 0-ary symbols 1,0 and A satisfies
xAN0~0,xV1~T1.
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B. Basic notions of Universal Algebra

@ subuniverse: non-empty B C A closed under the
operations of A.

@ subalgebra: B C A if B is a subuniverse of A, and
fB(by,...,by) =fAby,...,b,) foreveryby,...,b, €B.
Operator: S(A) = {subalgebras of A}.

@ homomorphism: 4 : A — B such that
h(fA(ai,...,a,)) = fB(hay, ..., ha,). h is an endomorphism
if A= 5.

@ embedding: i : A — B injective homomorphism.

@ homomorphic image: i : A — B, B is a homomorphic
image of A. Operator: H.

@ isomorphism: Injective and surjective homomorphism.
Operator: 1.
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B. Basic notions of Universal Algebra

@ congruence: # C A x A equivalence relation such that, if
<a1,b1>, . <a,,,b,,) € 6, then
(fA(al, ce ,an),fA(bl, R ,bn)> €.
Set of all congruences: Co(A).

@ quotient algebra: A/0, mp : A — AJ6.

@ direct product: A = [],.; Ai,
fAay, ... a)(0) =fA(ar(i), ... a,(0)). it A= A
Operator: P.

@ subdirect product: A is a subdirect product of { A4; | i € I} if
there is i : A — [],, Ai such that for every i € I
mioh: A— A;. his called a subdirect representation of A.
Operator: Pgp.
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B. Basic notions of Universal Algebra

A is a subdirect product of { A; | i € I} iff there exists
{0i | i €I} C Co(A) such that (., 0; = Id4 and for everyi € I,
A = ./4/0,
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B. Basic notions of Universal Algebra

@ (finitely) subdirectly irreducible algebra: A is (finitely)
subdirectly irreducible iff for every (finite) subdirect
representation 1 : A — [[,., A;, there is i € I such that
m; o h is an isomorphism.

A is (finitely) subdirectly irreducible iff for every (finite)
{0; | i €I} C Co(A) such that (., 0; = Id, there isi € I such
that 0; = Id 4 (Id 4 is (finitely) meet-irreducible).
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B. Basic notions of Universal Algebra

Every algebra is subdirectly irreducible or representable as a
subdirect product of subdirectly irreducible algebras.
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B. Basic notions of Universal Algebra

@ reduced product: {A; | i € I}, F filter over I (F C P(I),
F # 0, closed under intersection, if X € 7 and X C Y then
Y € F). Given a,b € [[,c;Ai, (a,b) € O iff
{iel|a(i)=>5b(i)} € F. 0 € Co(]];c; Ai). The reduced
product modulo F is [[,., Ai/0. Operator: Pg.

@ ultraproduct: Reduced product where F is an ultrafilter
(X e Fiff 1\ X ¢ F). Operator: Py.

@ variety: Class of algebras closed under H, S and P (Th.
Birkhoff: equational class). Generated variety:
V(K) = HSP(K).

@ quasivariety: Class of algebras closed under I, S and P
(Th. Mal’cev: quasiequational class). Generated
quasivariety: Q(K) = ISPg(K) = ISPPy(K).
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B. Basic notions of Universal Algebra

Moving to Logic

Basic idea of Algebraic Logic: Logical formulae can be seen as
terms in an algebraic language.

@ propositional language: an algebraic language L.

@ logical connectives: operational symbols in L.

@ set of formulae: Fm,; = Te,.

@ algebra of formulae: Fm = (Fmg, (ff™ | f € L)).

@ substitutions: Endomorphisms of Fm(X).

o

evaluation: An A-evaluation is any homomorphism
e : Fm — A, where A is any algebra of type L.
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B. Basic notions of Universal Algebra

A propositional logic is a pair L = (£, ) where L is a
propositional language and . C P(Fm,) x Fm, satisfies:

@ Consequence relation:
ForeveryTUA U {¢,v} C Fmg,

(@) ¢ kL ¢ (Reflexivity).
(b) T . pand I’ C A, then A 1 ¢ (Monotonicity).
(c) 'L ¢ and for every ¢ € I, A F v, then A . ¢ (Cut).
@ Structural:
Forevery I' U {¢} C Fm, and o € Sub. if I i, ¢, then
o[l FL o ().

Carles Noguera i Clofent PhD course on Mathematical Fuzzy Logic: 1st lesson



C. Algebraization of intuitionistic logic and its extensions

Basic syntactical elements

@ Language: £ = {A,V, —,1,0} (primitive connectives).
@ Defined connectives: —p = ¢ — 0,

pot=(=Y)AN{W —p)
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C. Algebraization of intuitionistic logic and its extensions

Hilbert-style calculus IPC

Axioms:

AQ.
Al.
A2.
A3.
A4.
A5.
A6.
A7.
A8.
A9.

Rule of inference:

1

o= (Y — o)

o= (= 9AY)

YA —p

ANy =Y

o=V

Y—pVY

eV = ((p—3d) = (¥ —46)—9))
(p— 1) = ((p—= (Y —10)) — (p—0))

00—
modus ponens

0,0 — P
(0
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C. Algebraization of intuitionistic logic and its extensions

GivenT' U {¢} C Fmg,
" Fipe o iff there is a proof of ¢ from T' in the calculus IPC.

@ o e ¢ (Reflexivity)
Q@ IfrCcAandT Fipc ¢, then A Fipc ) (Monotonicity)
©Q If T Fpc ¢ and for all ¢ € T, A Fipe 1, then A Fpe ¢ (Cut)

Q If T Fipe ¢ and o is a substitution, then o[T] Fpc o ()
(Structurality)

Q@ If T Fpc ¢, then there is a finite A C I" such that A Fpc ¢
(Finitarity)
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C. Algebraization of intuitionistic logic and its extensions

Theorem ((Global) Deduction Theorem)

For every set of formulae T U {¢, ¢},

', bpc @ iffT Fipc o — 9
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C. Algebraization of intuitionistic logic and its extensions

Semantical interpretations:

@ Brower-Heyting-Kolmogorov interpretation
@ Kripke frames

@ Topological interpretation

@ Category-theoretical interpretation

@ Game semantics

@ Algebraic semantics

Carles Noguera i Clofent PhD course on Mathematical Fuzzy Logic: 1st lesson



C. Algebraization of intuitionistic logic and its extensions

An algebra A = (A, A4, VA, A T4 07 is a Heyting algebra if

Q@ (A, A4, vA T4, 07 is a bounded distributive lattice

@ forevery a,b € A, a —* b is a relative pseudo-complement
ofaand b, i.e. forevery c € A
aNc<biffc<a—Ab

where the relation < is the lattice ordering. — is the residuum
of A

Let HA be the class of all Heyting algebras.
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C. Algebraization of intuitionistic logic and its extensions

Show that any complete bounded distributive lattice (in
particular any finite bounded distributive lattice) is a Heyting
algebra.
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C. Algebraization of intuitionistic logic and its extensions

Exercise 2

Given a Heyting algebra A prove that for every a, b, c € A:

1. a<biffa—?tb=T"

2. a=biffa A b=T"

3. a<b—A

4. anA (a—"b)<b

5. a =4 (b—"¢c) < (a—=2b) =4 (a—A¢)
6. a—AT =T

7. (a—>Ac)/\A(b—>Ac)§(a\/Ab)—> c
8. (a—=Ab)A*(a—Ac)<a—A(bA%0)
9.

a —* (a\/Ab):TA
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C. Algebraization of intuitionistic logic and its extensions

Exercise 2 (cont.)

10. 0" =44 =T4
11. (aA*b) A c=a -4 (b—40)
12. =A(avAb) = =Aa A —4b
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C. Algebraization of intuitionistic logic and its extensions

Let A be an L-algebra. A € HA iff it satisfies:

Elx—x~1

E21—-x~ux

ESx—(y—2)=(x—y)—(x—2)

E4 x—=y) = (b—x) =)= —x) - (x—y) —x)
ES x—xVy~1l,y—xVy~1

E6 (x—y) = (2 - (xVy—2)=1

E7 xAy —sx~1,xAy—y~1

E8 (x—y) = ((x—2) = (x—yAz)=1
EQ90—x~1

HA is a variety.
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C. Algebraization of intuitionistic logic and its extensions

Definition

Given I' U {¢} C Fm,, we define the consequence relation
I' E=ma @ iff for every A € HA and every A-evaluation e: if

e[[] € {T™}, then e(y) = T
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C. Algebraization of intuitionistic logic and its extensions

(L, =ma) is afinitary logic:

Q@ ¢ Fua ¢ (Reflexivity)

Q IfI' C AandT pma ¢, then A E=ua ¢ (Monotonicity)

©Q IfI' Emp pandforally € T, A Ega 1, then A Ega o (Cut)

Q If T =pa v and o is a substitution, then o[I'] EFra o(p)
(Structurality)

@ If T =ma o, then there is a finite A C T' such that A =gy ¢
(Finitarity)
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C. Algebraization of intuitionistic logic and its extensions

Algebraic completeness

ForeveryT U {¢} CFmg, I' Fipc ¢ iffT Epa .
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C. Algebraization of intuitionistic logic and its extensions

Soundness: If T Fpe ¢, then T' =gy .

@ Heyting algebras satisfy the axioms of IPC.

@ Heyting algebras satisfy modus ponens: A € HA, e
A-evaluation. If e(p) = 1" and e(p — ) = 1, then
e(v) = 1 (because of T — x ~ x).
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C. Algebraization of intuitionistic logic and its extensions

Completeness: If T' =pa ¢, then T Fppe .

@ Atheoryis aset T C Fm, closed under Fipc (if T Fipe ¢,
then ¢ € T). Th(IPC): set of all theories of the logic IPC.

@ Given atheory T, we define the relation Q(T') by:
(o, 9) € UT) I T Frpc ¢ < 9.
@ ((T) is a congruence of Fm.
@ Q(T) is compatible with 7', i.e. for every ¢ and v
if (p,v) € Q(T)andp € T,theny €T.

@ Exercise 3: Q(T) is the greatest congruence of Fm
compatible with T.
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C. Algebraization of intuitionistic logic and its extensions

@ For every formula ¢, (0, 1) e QT)iff p €T
@ ((T) is the interderivability relation modulo 7, i.e.:

(@, ) € UT) it T, Frpc ¢ @and T, ¢ Fipe ¢
@ Lindenbaum-Tarski algebra: Fm/Q(T).

Check that Fm/Q(T) is a Heyting algebra.
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C. Algebraization of intuitionistic logic and its extensions

@ Assume that I" Fpc ¢

@ Let T be the theory generated by .

@ p¢T.

@ Consider the algebra Fm/)(T) and the
Fm/Q(T)-evaluation e(p) = p/UT).
For every formula v, e(v)) = ¢ /Q(T).

o

@ /QUT)=1/T)iffy € T.
o e[l € {T™"Y and e(p) £ T/ D,
o

I Fna .
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C. Algebraization of intuitionistic logic and its extensions

Q@ ForeveryI' U{¢} C Fmg,
FFIPc(,Diff{’l/}%T|1/)EF}):HAQO%T
@ ForeveryITU {p = ¢} C Eq,,
IEm prvYiff{a— flaxpell} Fpc e« ¢
© Forevery o € Fm,,
@rpc @ — 1and ¢ — 1kpe ¢
O Forevery p,¢ € Fmg,
e~ EmA oY ~Tlandp — P 1 Egy o~
Translations:
OTZSOHQD%T
@ p:rarf—a—f

Heyting algebras are the equivalent algebraic semantics of IPC.
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C. Algebraization of intuitionistic logic and its extensions

Filters

Let A be a Heyting algebra. A set F C A is a filter iff:
Q@icF

Q ifabcF,thenaAbeF

Q ifacFanda<b,thenbeF

Definition

Let A be a Heyting algebra. A set F C A is an implicative filter
iff:

Q@1IlcF

Q ifa,a—becF,thenbcF
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C. Algebraization of intuitionistic logic and its extensions

Definition

Let A be a Heyting algebra. A set F C A is a logical filter iff for
every I' U {¢} C Fm, for every e A-evaluation, if I" pc ¢ and
ell'] C F,thene(yp) € F.

filters = implicative filters = logical filters
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C. Algebraization of intuitionistic logic and its extensions

A € HA, F C Afilter. A congruence 0 of A is compatible with F
iff:
if (a,b) €9 anda e F,thenb e F

Proposition

Given A € HA and a filter F C A, we define a relation:

Qu(F) = {(a,b) €A’ |a — b,b — a € F}
Then Q4(F) is a congruence of A, F = 1/Q4(F). Moreover
N 4(F) is compatible with F and it is the greatest one with this

property.
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C. Algebraization of intuitionistic logic and its extensions

Let A be a Heyting algebra and 6 a congruence of A. Then 1/6
is a filter of A.

| \

Proposition

Let A be a Heyting algebra and 8 a congruence of A. Then
Q4(1/0) = 0.

A € HA. Q4 is an isomorphism between the lattice of filters
and the lattice of congruences of A.
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C. Algebraization of intuitionistic logic and its extensions

A € HA, F C A filter. Then for everya beA:{a,b) € Qa(F) i
for every formula ¢(x, 7'), and ¢ € A<% we have p(a, ¢) € F
iff pA(b, T) € F.

Q2 4(F) is called the Leibniz congruence.
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C. Algebraization of intuitionistic logic and its extensions

Axiomatic extensions of IPC: Superintuitionistic logics

@ S =1PC + Ax

@ I'tgpiff TUAx Fpc @

@ Alg(S) = {A € HA | A satisfies 7]Ax]}.
@ I [=pge(s) o = Biff TU T[AX] Fpa o =~ (8

@ We obtain the same relation between the logic and the
algebraic semantics as before:

Q Tt ¢ iff 7[I] as) T(9)

Q 11 |=us) o =~ v iff p[II] ks p(e ~ 1)

Q v Fsp(r(v)) and p(7(p)) Fs ¢

Q o~ Fays) (p(e = ¥) and 7(p(e = ¥)) Fas) © < ¥

Alg(S) is the equivalent algebraic semantics of S.
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C. Algebraization of intuitionistic logic and its extensions

Classical Logic

@ CPC=IPC+¢pV—p
@ Alg(CPC) = BA (Boolean algebras)

Boolean algebras are the equivalent algebraic semantics of classical logic.
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